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Abstract
In the paper we construct a representation θ : FV Bn → Aut(F2n) of the flat virtual braid
group FV Bn on n strands by automorphisms of the free group F2n with 2n generators which
does not preserve the forbidden relations in the flat virtual braid group. This representation
gives a positive answer to the problem formulated by V. Bardakov in the list of unsolved prob-
lems in virtual knot theory and combinatorial knot theory by R. Fenn, D. Ilyutko, L. Kauffman
and V. Manturov. Using this representation we construct a new group invariant for flat welded
links.
Also we find the set of normal generators of the groups V Pn ∩Hn in V Bn, FV Pn ∩ FHn
in FV Bn, GV Pn ∩GHn in GV Bn, which play an important role in the study of the kernel of
the representation θ.
Keywords: flat virtual braids, braid-like groups, representations by automorphisms, knot in-
variants.
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1 Introduction
The braid group Bn on n ≥ 2 strands is the group with n− 1 generators σ1, σ2, . . . , σn−1 and the
following defining relations
σiσj = σjσi, |i− j| ≥ 2, (1)
σiσi+1σi = σi+1σiσi+1, i = 1, 2, . . . , n− 2. (2)
These groups were introduced by E. Artin as a tool for working with classical knots and links. The
famous Alexander theorem says that every classical link is equivalent to the closure of some braid,
and the well-known Markov theorem describes braids which have equivalent closures.
In 1999 L. Kauffman introduced the virtual knot theory which generalizes the classical knot
theory [20]. The virtual braid group V Bn on n ≥ 2 strands is the group which is obtained from
the braid group Bn by adding new generators ρ1, ρ2, . . . , ρn−1 and additional defining relations
ρ2i = 1, i = 1, 2, . . . , n− 1, (3)
ρiρj = ρjρi, |i − j| ≥ 2, (4)
ρiρi+1ρi = ρi+1ρiρi+1, i = 1, 2, . . . .n− 2, (5)
σiρj = ρjσi, |i − j| ≥ 2, (6)
ρiρi+1σi = σi+1ρiρi+1, i = 1, 2, . . . , n− 2. (7)
These groups were introduced by L. Kauffman as a tool for working with virtual knots and links.
The analogues of the Alexander and the Markov theorems for virtual braids and links were formu-
lated and proved by S. Kamada in [19]. Another form of the Markov theorem for virtual braids
and links was introduced by Kauffman and Lambropoulou in [22].
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It is easy to verify that the elements ρ1, ρ2, . . . , ρn−1 generate the full symmetric group Sn
in V Bn. Also it is known that the elements σ1, σ2, . . . , σn−1 generate the braid group Bn in V Bn.
In paper [17] it is proved that the relations
ρiσi+1σi = σi+1σiρi+1, i = 1, 2, . . . , n− 2, (8)
ρi+1σiσi+1 = σiσi+1ρi, i = 1, 2, . . . , n− 2 (9)
do not hold in the group V Bn. These relations are called forbidden.The welded braid group WBn
on n strands is the quotient of the group V Bn by the forbidden relation (8). If we add to the group
WBn the second forbidden relations (9), then we get the unrestricted virtual braid group UV Bn
[4]. Welded and unrestricted virtual braid groups are used for working with welded links [16] and
fused links [1, 25], respectively.
The flat virtual braid group FV Bn introduced in [21] is the quotient of the group V Bn by
the relations
σ2i = 1, i = 1, 2, . . . , n− 1. (10)
These groups are used for working with flat virtual knots and links, which were introduced in [20],
and which model curves on surfaces. The notion of flat virtual links is the same to the notion of
virtual strings introduced by V. Turaev in [27]. In the papers [18, 23] invariants for flat virtual
knots and links were used for constructing invariants for virtual knots and links. Note that if we
look to the forbidden relations (8), (9) in the flat virtual braid group FV Bn, then we see that
these relations are equivalent, hence, speaking about forbidden relations in FV Bn we will speak
only about relations (8). The quotient of FV Bn by relations (8) is called the flat welded braid
group and is denoted by FWBn.
The Gauss virtual braid group GV Bn is the quotient of the group FV Bn by the relations
σiρi = ρiσi, i = 1, 2, . . . , n− 1.
These groups are used for studying Gauss virtual links, which are called “homotopy classes of
Gauss words” by Turaev in [28], and called “free knots” by Manturov in [24].
All together the groups Bn, V Bn,WBn, UV Bn, FV Bn, FWBn, GV Bn are called the braid-
like groups. Representations of braid-like groups play an important role in the study of these
groups. Using the representations one can prove that various algorithmic problems (the word
problem, the conjugacy problem etc) can be solved in these groups. Also using representations of
braid-like groups one can construct invariants for the corresponding knot theories [7, 8].
One of the first representations of braid-like groups is the Artin representation
ϕA : Bn → Aut(Fn)
of the braid groupBn by automorphisms of the free group Fn with the free generators x1, x2, . . . , xn.
This representation maps the generator σi of Bn to the following automorphism of Fn
ϕA(σi) :
{
xi 7→ xixi+1x
−1
i ,
xi+1 7→ xi
(hereinafter we assume that all generators which are not explicitly written in the automorphism, are
fixed). The Artin representation is faithful. During the years a lot of representations of braid-like
groups were investigated. For example there are several known representations of the virtual braid
groups V Bn: the Silver-Williams representation V Bn → Aut(Fn ∗ Z
n+1) (see [26]), the Boden-
Dies-Gaudreau-Gerlings-Harper-Nicas representation V Bn → Aut(Fn ∗Z
2) (see [11]), the Kamada
representation V Bn → Aut(Fn ∗ Z
2n) (see [9]), the representations V Bn → Aut(Fn ∗ Z
2n+1),
V Bn → Aut(Fn ∗ Z
n) of Bardakov-Mikhalchishina-Neshchadim (see [5, 6]).
The following problem is formulated by V. Bardakov in the list of unsolved problems in
virtual knot theory and combinatorial knot theory [15, §8.3, Problem 4].
Problem. Is there a representation ϕ : FV Bn → Aut(Fm) for some m which does not preserve
the forbidden relations (8)?
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In the present paper we answer this question positively. The main result of the paper is the
following theorem.
Theorem 1. Let θ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(F2n) be the map given by the
following formulas
θ(σi) :
{
xi 7→ xi+1yi+1,
xi+1 7→ xiy
−1
i+1,
θ(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
Then θ induces the representation θ : FV Bn → Aut(F2n). Moreover, this representation does not
preserve the forbidden relations (8).
The paper is organized as follows. In Section 2 we give the necessary preliminaries about
the virtual pure braid group V Pn, the Rabenda group Hn and their images in the groups FV Bn,
GV Bn. In Section 3 we study the representation θ : FV Bn → Aut(F2n) introduced in Theorem 1:
in Section 3.1 we prove that θ is indeed a representation, and in Section 3.2 we study the kernel of
this representation, in particular, we localize the kernel between two explicit subgroups of FV Bn.
In Section 4 we study some representations related with the representation θ: Section 4.1 deals
with linear representations of FV Bn, Section 4.2 studies the representation which is induced by θ
to the group GV Bn, and Section 4.3 is about some representations which are equivalent to θ. In
Section 5 we study the groups V Pn ∩Hn, FV Pn ∩ FHn, GV Pn ∩GHn which play an important
role in the study of the kernel of θ. Finally, in Section 6 using the representation θ we introduce a
group invariant for flat welded links.
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2 Preliminaries
In this section we give preliminaries about specific subgroups of the groups V Bn, FV Bn, GV Bn.
Denote by ι1 : V Bn → Sn the homomorphism from the virtual braid group V Bn to the
symmetric group Sn, which maps the generators σi, ρi of the virtual braid group V Bn to the
transposition (i, i + 1) for i = 1, 2, . . . , n − 1. The kernel of this homomorphism is denoted by
V Pn and is called the virtual pure braid group on n strands. The homomorphism ι1 : V Bn → Sn
induces homomorphisms ι1 : FV Bn → Sn, ι1 : GV Bn → Sn which act in the same way mapping
the generators σi, ρi to the transposition (i, i + 1) for i = 1, 2, . . . , n − 1. The kernel of the
homomorphism ι1 : FV Bn → Sn is denoted by FV Pn and is called the flat virtual pure braid
group on n strands, the kernel of the homomorphism ι1 : GV Bn → Sn is denoted by GV Pn and is
called the Gauss virtual pure braid group on n strands.
For i = 1, 2, . . . , n − 1 denote by λi,i+1, λi+1,i the following elements from the virtual braid
group
λi,i+1 = ρiσ
−1
i , λi+1,i = ρiλi,i+1ρi = σ
−1
i ρi.
Also for 1 ≤ i < j − 1 ≤ n − 1 denote by λi,j , λj,i the following elements from the virtual braid
group
λi,j = ρj−1ρj−2 . . . ρi+1λi,i+1ρi+1 . . . ρj−2ρj−1,
λj,i = ρj−1ρj−2 . . . ρi+1λi+1,iρi+1 . . . ρj−2ρj−1. (11)
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It is clear that the elements λi,j and λj,i for i < j belong to the virtual pure braid group V Pn.
The elements given by the same formulas can be considered in the groups FV Pn, GV Pn. The
following proposition collects the results from [2, Theorem 1] and [4, Propositions 5.1, 5.6].
Proposition 1. The groups V Pn, FV Pn, GV Pn can be presented in the following way.
1. The group V Pn admits a presentation with the generators λi,j , 1 ≤ i 6= j ≤ n, and the
defining relations
λi,jλk,l = λk,lλi,j ,
λk,iλk,jλi,j = λi,jλk,jλk,i,
where distinct letters denote distinct indices.
2. The group FV Pn admits a presentation with the generators λi,j , 1 ≤ i < j ≤ n, and the
defining relations
λi,jλk,l = λk,lλi,j ,
λk,iλk,jλi,j = λi,jλk,jλk,i,
where distinct letters denote distinct indices.
3. The group GV Pn admits a presentation with the generators λi,j , 1 ≤ i < j ≤ n, and the
defining relations
λ2i,j = 1,
λi,jλk,l = λk,lλi,j ,
λk,iλk,jλi,j = λi,jλk,jλk,i,
where distinct letters denote distinct indices.
The subgroup Sn = 〈ρ1, ρ2, . . . , ρn−1〉 of V Bn acts on the group V Pn. The action of Sn on
the generators λi,j of V Pn is described in [2, Lemma 1] as follows.
Proposition 2. Let ρ ∈ Sn = 〈ρ1, ρ2, . . . , ρn−1〉 and λi,j (1 ≤ i 6= j ≤ n) be the generators of
V Pn. Then ρλi,jρ
−1 = λρ(i),ρ(j), where ρ(i), ρ(j) denote the images of i, j under the permutation
ρ, respectively.
The group FV Pn for n = 3 has another nice presentation which is proved in [4, Remark 5.2].
Proposition 3. Let a, b, c be the following elements from FV P3
a = λ2,3λ1,3 = ρ2σ2ρ2ρ1σ1ρ2,
b = λ2,3 = ρ2σ2,
c = λ2,3λ
−1
1,2 = ρ2σ2σ1ρ1.
(12)
Then FV P3 has the following presentation
FV P3 = 〈a, b, c | [a, c] = 1〉 = 〈a, c | [a, c] = 1〉 ∗ 〈b〉 = Z
2 ∗ Z.
Note that the elements λ1,2, λ1,3, λ2,3 can be expressed via the elements a, b, c from Proposi-
tion 3 in the following way
λ1,3 = b
−1a, λ2,3 = b, λ1,2 = c
−1b. (13)
Denote by ι2 : V Bn → Sn the homomorphism from the virtual braid group V Bn to the
symmetric group Sn, which maps the generator σi to the unit element of Sn, and maps the
generator ρi to the transposition (i, i+1) for i = 1, 2, . . . , n− 1. The kernel of this homomorphism
is denoted byHn and is called the Rabenda group on n strands. The Rabenda group was introduced
in [29], some of its properties were studied in [3]. The homomorphism ι2 : V Bn → Sn induces
homomorphisms ι2 : FV Bn → Sn, ι2 : GV Bn → Sn which act in the same way by mapping the
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generator σi to the unit element of Sn, and the generator ρi to the transposition (i, i + 1) for
i = 1, 2, . . . , n − 1. The kernel of the homomorphism ι2 : FV Bn → Sn is denoted by FHn, the
kernel of the homomorphism ι2 : GV Bn → Sn is denoted by GHn.
For i = 1, 2, . . . , n− 1 denote by xi,i+1, xi+1,i the following elements from V Bn
xi,i+1 = σi, xi+1,i = ρiσiρi.
Also for 1 ≤ i < j − 1 ≤ n − 1 denote by xi,j , xj,i the following elements from the virtual braid
group
xi,j = ρj−1 . . . ρi+1σiρi+1 . . . ρj−1,
xj,i = ρj−1 . . . ρi+1ρiσiρiρi+1 . . . ρj−1.
It is clear that the elements xi,j and xj,i for i < j belong to the group Hn. Using the same formulas
one can define the elements in the groups FHn, GHn. The following result says how the groups
Hn, FHn, GHn can be presented. The proof of this result can be found in [3, Proposition 17].
Proposition 4. The groups Hn, FHn, GHn can be presented in the following way.
1. The group Hn admits a presentation with the generators xi,j, 1 ≤ i 6= j ≤ n, and the defining
relations
xi,jxk,l = xk,lxi,j ,
xi,kxk,jxi,k = xk,jxi,kxk,j ,
where distinct letters denote disting indices.
2. The group FHn admits a presentation with the generators xi,j, 1 ≤ i 6= j ≤ n, and the
defining relations
x2i,j = 1,
xi,jxk,l = xk,lxi,j ,
xi,kxk,jxi,k = xk,jxi,kxk,j ,
where distinct letters denote disting indices.
3. The group GHn admits a presentation with the generators xi,j, 1 ≤ i < j ≤ n, and the
defining relations
x2i,j = 1,
xi,jxk,l = xk,lxi,j ,
xi,kxk,jxi,k = xk,jxi,kxk,j ,
where distinct letters denote disting indices.
The subgroup Sn = 〈ρ1, ρ2, . . . , ρn−1〉 of V Bn acts on the group Hn. The action of Sn on the
generators xi,j of Hn is described in [3, Lemma 16] as follows.
Proposition 5. Let ρ ∈ Sn = 〈ρ1, ρ2, . . . , ρn−1〉 and xi,j (1 ≤ i 6= j ≤ n) be the generators of
Hn. Then ρxi,jρ
−1 = xρ(i),ρ(j), where ρ(i), ρ(j) denote the images of i, j under the permutation ρ,
respectively.
Propositions 1, 2, 4, 5 imply the decompositions of the groups V Bn, FV Bn, GV Bn into the
semidirect products
V Bn = V Pn ⋊ Sn, FV Bn = FV Pn ⋊ Sn, GV Bn = GV Pn ⋊ Sn,
V Bn = Hn ⋊ Sn, FV Bn = FHn ⋊ Sn, GV Bn = GHn ⋊ Sn.
For 1 ≤ i < j ≤ n denote by ai,j the transposition (i, j) in the symmetric group Sn. The
following result is the direct consequence of [13, Proposition 2.1].
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Proposition 6. The group Sn admits a presentation with generators at,s, 1 ≤ s < t ≤ n and the
defining relations
a2t,s = 1, 1 ≤ s < t ≤ n,
at,sar,q = ar,qat,s, (t− r)(t − q)(s− r)(s− q) > 0,
at,sas,r = at,rat,s = as,rat,r, n ≥ t > s > r ≥ 1.
3 Representation of FV Bn by automorphisms of F2n
In this section we introduce the representation θ : FV Bn → Aut(F2n) which does not preserve the
forbidden relations and study some of its properties. All the actions in the paper are supposed
to be right, i. e. if X is a set, and f, g : X → X are bijections of X , then (fg) denotes the map
fg : X → X which acts on an element x ∈ X by the rule (fg)(x) = g(f(x)).
3.1 Construction of θ
Let us consider the free group F2n with the free generators x1, x2, . . . , xn, y1, y2, . . . , yn. The
following theorem provides a representation θ : FV Bn → Aut(F2n) which does not preserve the
forbiden relations (8).
Theorem 1. Let θ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(F2n) be the map given by the
following formulas
θ(σi) :
{
xi 7→ xi+1yi+1,
xi+1 7→ xiy
−1
i+1,
θ(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
(14)
Then θ induces the representation θ : FV Bn → Aut(F2n). Moreover, this representation does not
preserve the forbidden relations (8).
Proof. In order to show that the map θ given by (14) induces the representation of the flat virtual
braid group FV Bn, it is sufficient to show that θ preserves all defining relations (1)-(7), (10) of
the flat virtual braid group FV Bn.
For i = 1, 2, . . . , n − 1 denote by si, ri ∈ Aut(F2n) respectively the images of the elements
σi, ρi ∈ FV Bn under the map θ. The fact that θ preserves relations (3), (10) means that the
equalities r2i = id, s
2
i = id hold for all i = 1, 2, . . . , n − 1. These equalities are obvious. The fact
that θ preserves relations (1), (4), (6) means that sisj = sjsi, rirj = rjri and sirj = rjsi for all
indices i, j such that |i − j| ≥ 2. These equalities are easy to check. Indeed, automorphisms si,
ri act identically on all generators of F2n except for xi, xi+1, yi, yi+1. Then for |i − j| ≥ 2 the
automorphism si acts identically on xj , xj+1, yj , yj+1, and sj acts identically on xi, xi+1, yi, yi+1.
Therefore sisj = sjsi. Similarly the equalities rirj = rjri and sirj = rjsi hold for |i− j| ≥ 2.
The fact that θ preserves relations (2), (5), (7) means that for all i = 1, 2, . . . , n − 2 the
equalities sisi+1si = si+1sisi+1, riri+1ri = ri+1riri+1, siri+1ri = ri+1risi+1 hold. Let us prove
the equality sisi+1si = si+1sisi+1 in details. By the definition of the elements s1, s2, . . . , sn−1 the
automorphisms sisi+1si, si+1sisi+1 have the following forms.
sisi+1si :

xi
si7−→ xi+1yi+1
si+1
7−→ xi+2yi+2yi+1
si7−→ xi+2yi+2yi+1,
xi+1
si7−→ xiy
−1
i+1
si+1
7−→ xiy
−1
i+1
si7−→ xi+1,
xi+2
si7−→ xi+2
si+1
7−→ xi+1y
−1
i+2
si7−→ xiy
−1
i+1y
−1
i+2,
si+1sisi+1 :

xi
si+1
7−→ xi
si7−→ xi+1yi+1
si+1
7−→ xi+2yi+2yi+1,
xi+1
si+1
7−→ xi+2yi+2
si7−→ xi+2yi+2
si+1
7−→ xi+1,
xi+2
si+1
7−→ xi+1y
−1
i+2
si7−→ xiy
−1
i+1y
−1
i+2
si+1
7−→ xiy
−1
i+1y
−1
i+2,
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therefore, sisi+1si = si+1sisi+1 for all i = 1, 2, . . . , n − 2. The equalities riri+1ri = ri+1riri+1,
siri+1ri = ri+1risi+1 follow from the following formulas which by the analogy to the equality
sisi+1si = si+1sisi+1 follow from the direct calculations.
riri+1ri :

xi 7→ xi+2,
xi+1 7→ xi+1,
xi+2 7→ xi,
yi 7→ yi+2,
yi+1 7→ yi+1,
yi+2 7→ yi,
ri+1riri+1 :

xi 7→ xi+2,
xi+1 7→ xi+1,
xi+2 7→ xi,
yi 7→ yi+2,
yi+1 7→ yi+1,
yi+2 7→ yi,
ri+1risi+1 :

xi 7→ xi+2yi+2,
xi+1 7→ xi+1y
−1
i+2,
xi+2 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi+2,
yi+2 7→ yi,
siri+1ri :

xi 7→ xi+2yi+2,
xi+1 7→ xi+1y
−1
i+2,
xi+2 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi+2,
yi+2 7→ yi.
Therefore θ preserves all defining relations (1)-(7), (10) of FV Bn, and hence θ induces the repre-
sentation θ : FV Bn → Aut(F2n). Finally, risi+1si(yi) = yi+1 6= yi = si+1siri+1(yi), therefore θ
does not preserve the forbidden relations.
Note that the representation θ : FV Bn → Aut(F2n) introduced in Theorem 1 gives a positive
answer to the problem [15, §8.3, Problem 4].
3.2 Properties of ker(θ)
The following proposition says, that if n = 2, then the representation θ is faithful.
Proposition 7. The representation θ : FV B2 → Aut(F4) is faithful.
Proof. The group FV B2 = 〈σ1, ρ1 | σ
2
1 = ρ
2
1 = 1〉 is the infinite dihedral group. Therefore, every
element A of this group can be uniquely written in the form A = ρε1(σ1ρ1)
n for some ε ∈ {0, 1},
n ∈ Z. Denote by s1 = θ(σ1), r1 = θ(ρ1), and let A = ρ
ε
1(σ1ρ1)
n be an element from ker(θ). Since
A ∈ ker(θ) we have the equality y1 = θ(A)(y1) = r
ε
1(s1r1)
n(y1). Since r1 permutes y1 and y2, and
s1 fixes y1, y2, from the last equality follows that r
ε+n
1 (y1) = y1. It means that either ε = 0 and n
is even, or ε = 1 and n is odd. Let us consider these two cases separately.
Let ε = 0 and n = 2k be even. The automorphism (s1r1)
2 has the following form
(r1s1)
2 :
{
x1
r17−→ x2
s17−→ x1y
−1
2
r17−→ x2y
−1
1
s17−→ x1y
−1
2 y
−1
1 ,
x2
r17−→ x1
s17−→ x2y2
r17−→ x1y1
s17−→ x2y2y1.
Therefore, the automorphism θ(A) = (r1s1)
2k = ((r1s1)
2)k has the form
(r1s1)
2k :
{
x1 7→ x1(y1y2)
−k,
x2 7→ x2(y2y1)
k.
(15)
It is clear that this automorphism is identity if and only if k = 0, i. e. in the case when A = 1.
Let ε = 1 and n = 2k + 1 be odd. In this case θ(A) = r1s1r1(r1s1)
2k. From equality (15)
follows that this automorphism maps the element x1 to the element x2(y2y1)
ky−11 , which is never
equal to x1
r1s1r1(r1s1)
2k : x1
r17−→ x2
s17−→ x1y
−1
2
r17−→ x2y
−1
1
(r1s1)
2k
7−−−−−→ x2(y2y1)
ky−11 .
Therefore we proved, that the element A = ρε1(σ1ρ1)
n belongs to the kernel of θ if and only if ε = 0
and k = 0, i. e. in the case when A = 1. It means that the representation θ : FV B2 → Aut(F4) is
faithful.
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The following proposition says that the representation θ : FV Bn → Aut(F2n) introduced in
Theorem 1 is not faithful, i. e. the kernel ker(θ) is not trivial.
Proposition 8. If n ≥ 3, then ker(θ) 6= 1.
Proof. Consider the element A = (ρ1σ2)
6 in FV Bn, and let us prove that this element is the non-
trivial element from FV Bn which belongs to the kernel of θ. Denote by r1 = θ(ρ1), s2 = θ(σ2).
Then from the direct calculations it follows that the automorphisms (r1s2)
3 has the following form
(r1s2)
3 :

x1
r17−→ x2
s27−→ x3y3
r17−→ x3y3
s27−→ x2
r17−→ x1
s27−→ x1,
x2
r17−→ x1
s27−→ x1
r17−→ x2
s27−→ x3y3
r17−→ x3y3
s27−→ x2,
x3
r17−→ x3
s27−→ x2y
−1
3
r17−→ x1y
−1
3
s27−→ x1y
−1
3
r17−→ x2y
−1
3
s27−→ x3,
y1
r17−→ y2
s27−→ y2
r17−→ y1
s27−→ y1
r17−→ y2
s27−→ y2,
y2
r17−→ y1
s27−→ y1
r17−→ y2
s27−→ y2
r17−→ y1
s27−→ y1,
y3
r17−→ y3
s27−→ y3
r17−→ y3
s27−→ y3
r17−→ y3
s27−→ y3.
From this formula it is clear that θ(A) = ((r1s2)
3)2 = id, i. e. A belongs to ker(θ).
Let us prove that the element A = (ρ1σ2)
6 is not trivial. Since there is an ascending series
of groups
FV Bn ≥ FV Bn−1 ≥ · · · ≥ FV B3 ≥ FV P3,
in order to prove that the element A is not trivial, it is enough to prove that A is not trivial
in FV P3. For doing this let us rewrite the element A in terms of the generators a, b, c given in
Proposition 3. Using Proposition 2 and formulas (11), (13) the element A can be rewritten in the
following form
A = (ρ1σ2ρ1σ2ρ1σ2)
2
= (ρ1ρ2(ρ2σ2)ρ1ρ2(ρ2σ2)ρ1ρ2(ρ2σ2))
2
= (ρ1ρ2λ2,3ρ1ρ2λ2,3ρ1ρ2λ2,3)
2
= (ρ1ρ2ρ1ρ2λ1,2λ2,3ρ1ρ2λ2,3)
2
= (ρ1ρ2ρ1ρ2ρ1ρ2λ
−1
1,3λ1,2λ2,3)
2
= (λ−11,3λ1,2λ2,3)
2
= (a−1bc−1b2)2.
It is clear that this element is not trivial in the group FV P3 = 〈a, b, c | [a, c] = 1〉.
Remark 1. Proposition 8 says that if n ≥ 3, then the element (ρ1σ2)
6 is a non-trivial element
in ker(θ). By the analogy to Proposition 8 it is easy to show that the element (ρiσi+1)
6 is also a
non-trivial element in ker(θ) for each i = 1, 2, . . . , n− 2. This observation implies that the normal
closure of the subgroup 〈(ρiσi+1)
6 | i = 1, 2, . . . , n− 2〉 in FV Bn belongs to the kernel ker(θ).
Remark 1 says that the kernel of the representation θ is quite big. Despite this fact, the kernel
ker(θ) has trivial intersections with some natural subgroups of V Bn. For example, by Proposition 3
the group FV P3 has the form
FV P3 = 〈a, b, c | [a, c] = 1〉,
where a = ρ2σ2ρ2ρ1σ1ρ2, b = ρ2σ2, c = ρ2σ2σ1ρ1. This group has an abelian subgroupH generated
by the elements a, c. Let us show that ker(θ) ∩ H = 1. Denote by θ(a) = α, θ(c) = β. From
direct calculations and the definition of the representation θ : FV Bn → Aut(F2n) it follows that
the automorphisms α, β act on the generators of F2n by the following rules
α :

x1 → x1y
−1
3 ,
x2 → x2y
−1
1 ,
x3 → x3y3y1,
y1 → y3,
y2 → y1,
y3 → y2,
β :

x1 → x1y1,
x2 → x2y
−1
1 y
−1
3 ,
x3 → x3y3,
y1 → y2,
y2 → y3,
y3 → y1.
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From these equalities and direct calculations it follows that for an arbitrary integer r the automor-
phism (αβ)r acts on the generators of F2n by the following rule
(αβ)r :

x1 → x1,
x2 → x2(y2y3y1)
−r,
x3 → x3(y3y1y2)
r,
y1 → y1,
y2 → y2,
y3 → y3.
Let A = arcs = (ac)rcs−r be an element from ker(θ) ∩ H . Since A belongs to ker(θ), the au-
tomorphism θ(A) = (αβ)rβs−r has to fix the generator x1. This fact implies that s − r = 0
since otherwise we have (αβ)rβs−r(x1) = β
s−r(x1) 6= x1. If s − r = 0, and r 6= 0, then
(αβ)r(x2) = x2(y2y3y1)
−r 6= x2, what contradicts the fact that A belongs to ker(θ). Therefore
s = r = 0 and ker(θ) ∩H = 1.
In the general situation we have the following restriction on the kernel ker(θ) of the repre-
sentation θ : FV Bn → Aut(F2n).
Proposition 9. If n ≥ 3, then ker(θ) ≤ FV Pn ∩ FHn.
Proof. Let A be an arbitrary element from ker(θ), and let us prove that A ∈ FV Pn ∩FHn. Recall
that the representation θ acts on the generators σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1 of FV Bn by the
following rules
θ(σi) :
{
xi 7→ xi+1yi+1,
xi+1 7→ xiy
−1
i+1,
θ(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
(16)
Let us prove that A belongs to FHn. Denote by Y = {y1, y2, . . . , yn} the subset in F2n. From
formulas (16) it is clear that the set Y is θ(FV Bn)-invariant. Denote by ϕ : V Bn → Sym(Y ) = Sn
the representation induced by θ. From formulas (16) it follows that for i = 1, 2, . . . , n − 1 the
map ϕ sends the generator σi to the trivial permutation of Y = {y1, y2, . . . , yn}, and sends the
generator ρi to the transposition (yi, yi+1) of Y = {y1, y2, . . . , yn}. Comparing ϕ with ι2 we see
that ϕ = ι2. Since A is an element from ker(θ), and the representation ϕ : V Bn → Sym(Y ) = Sn
is induced by θ, it is clear that A is an element from ker(ϕ) = ker(ι2) = FHn.
Let us prove that A belongs to FV Pn. Denote by G the subgroup of F2n which is the normal
closure of the subgroup 〈y1, y2, . . . , yn〉 in F2n. From formulas (16) it is clear that the subgroup G is
θ(FV Bn)-invariant. Denote by ψ : V Bn → Aut(F2n/G) = Aut(Fn) the representation induced by
θ, where F2n/G = Fn = 〈x1, x2, . . . , xn〉. From formulas (16) it follows that for i = 1, 2, . . . , n− 1
the map ψ acts on the generators of FV Bn by the following formulas
ψ(σi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
ψ(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi.
These maps act on the set {x1, x2, . . . , xn}, sending the generators σi, ρi to the transposition
(xi, xi+1) of X = {x1, x2, . . . , xn}. Comparing ψ with ι1 we see that ψ = ι1. Since A is an element
from ker(θ), and the representation ψ : V Bn → Aut(Fn) is induced by θ, it is clear that A is an
element from ker(ψ) = ker(ι1) = FV Pn.
Propositions 8, 9 imply the following corollary, which localize the kernel of the representa-
tion θ.
Corollary 1. For n ≥ 3 denote by N the normal closure of the subgroup
〈(ρiσi+1)
6 | i = 1, 2, . . . , n− 2〉
in FV Bn. Then N ≤ ker(θ) ≤ FV Pn ∩ FHn.
Problem 1. Find the kernel ker(θ).
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4 Representations related with θ
In this section we study several representations which are related with the representation θ given
in Section 3.
4.1 Linear representations of FV B
n
The group FV Bn of flat virtual braids is known to be linear [4, Corollary 5.4]. In this section we
construct linear representations of FV Bn related with the representation θ : FV Bn → Aut(F2n).
We use classical notation. Symbols In and On×m denote the identity n× n matrix and the n×m
matrix with zero entries, respectively. If A is an n × n matrix and B is an m ×m matrix, then
the symbol A ⊕ B denotes the direct sum of the matrices A and B, i. e. the block-diagonal
(m+ n)× (m+ n) matrix (
A On×m
Om×n B
)
.
There exists a classical procedure of how to construct specific mappings from braid-like groups
to some matrix groups using rerepresentations of these braid-like groups by automorphisms of
free groups using Fox’s derivatives. Sometimes the resulting mappings from braid-like groups to
matrix groups are representations. In particular, using this procedure the Burau representation [12,
Section 3, Example 3] and the Gassner representation [12, Section 3, Example 4] can be obtained.
Let us recall this procedure. First, let us recall the definition and the main properties of Fox’s
derivatives [12, Chapter 3] or [14, Chapter 7].
Let Fn be the free group of rank n with the free generators x1, x2, . . . , xn. Let us consider
the group ring ZFn of the group Fn over the ring Z of integers. For j = 1, 2, . . . , n let us define
the mapping
∂
∂xj
: ZFn −→ ZFn.
By the definition the mapping ∂
∂xj
is defined on Fn by the following three equalities
∂xi
∂xj
=
{
1, if i = j,
0, if i 6= j,
∂x−1i
∂xj
=
{
−x−1i , if i = j,
0, if i 6= j,
∂(wv)
∂xj
=
∂w
∂xj
(v)τ + w
∂v
∂xj
, w, v ∈ Fn,
where τ : ZFn −→ Z is the augmentation operation which sends all elements from Fn to 1. By the
definition the mapping ∂
∂xj
is extended from Fn to ZFn by the linearity in the following way
∂
∂xj
(∑
agg
)
=
∑
ag
∂g
∂xj
, g ∈ Fn, ag ∈ Z.
Let ϕ : Fn → G be a homomorphism from the group Fn to some group G. For any element x
from Fn denote by x
ϕ the image of the element x under the homomorphism ϕ. The homomorphism
ϕ : Fn → G can be extended to the homomorphism ϕ : ZFn → ZG of group rings. Let Aϕ be
a subgroup of Aut(Fn) which satisfies the condition x
ϕ = (xα)ϕ for every x ∈ Fn, α ∈ Aϕ. If
α ∈ Aϕ, then denote by [α] the n× n matrix
[α] =
[(
∂(xαi )
∂xj
)ϕ]n
i,j=1
(17)
with entries in ZG. The mapping α 7→ [α] defines the Magnus mapping
ρ : Aϕ −→ GLn(ZG).
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If ψ : H → Aut(Fn) is the homomorphism of groups, then the superposition ψρ is the mapping
from H to GLn(ZG)
ψρ : H → GLn(ZG).
We say that this mapping ψρ is obtained using Magnus approach [12, Section 3.2]. Summing
up, in order to construct the mapping ψρ : H → GLn(ZG) using Magnus approach one needs a
homomorphism ψ : H → Aut(Fn) and a homomorphism ϕ : Fn → G.
Let us use the Magnus approach in order to construct the linear representations of the flat
virtual braid group FV Bn. Denote by G the free abelian group of rank n
G = 〈p1, p2, . . . , pn, q1, q2, . . . , qn | [pi, pj ] = [qi, qj] = [pi, qj ] = 1 for i, j = 1, 2, . . . , n〉.
Let the map ϕ : F2n → G is given by the equalities ϕ(xi) = pi, ϕ(yi) = qi for i = 1, 2, . . . , n, where
x1, x2, . . . , xn, y1, y2, . . . , yn are the generators of F2n. As a homomorphism ψ given in Magnus
approach let us take the representations θ : FV Bn → Aut(F2n) given in Section 3, so, now we
have the representations θ : FV Bn → Aut(F2n) and the homomorphism ϕ : F2n → G, i. e. we
have everything in order to apply the Magnus approach and obtain the mapping
Θ = θρ : FV Bn −→ GL2n(ZG) = GL2n(Z[p
±1
1 , p
±1
2 , . . . , p
±1
n , q
±1
1 , q
±1
2 , . . . , q
±1
n ]).
Using the direct calculations in formula (17) we conclude that the mapping Θ acts on the generators
σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1 in the following way
Θ(σi) :
{
ei 7→ ei+1 + pi+1fi+1,
ei+1 7→ ei − piq
−1
i+1fi+1,
Θ(ρi) :

ei 7→ ei+1,
ei+1 7→ ei,
fi 7→ fi+1,
fi+1 7→ fi.
In order to find conditions under which the mapping Θ gives a representations, we have to check
when the mapping Θ preserves the relations (1)-(7), (10) of the flat virtual braid group FV Bn.
Using direct calculations it is easy to see that the mapping Θ preserves relations (1)-(7), (10) if
and only if p1 = p2 = · · · = pn (we denote all of these elements by p), q1 = q2 = · · · = qn = 1. This
fact implies the following theorem.
Theorem 2. Let M be the free Z[p±1]-module with the free basis e1, e2, . . . , en, f1, f2, . . . , fn. Then
the map Θ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(M) given by the following formulas
Θ(σi) :
{
ei 7→ ei+1 + pfi+1,
ei+1 7→ ei − pfi+1,
Θ(ρi) :

ei 7→ ei+1,
ei+1 7→ ei,
fi 7→ fi+1,
fi+1 7→ fi.
induces the linear representation Θ : FV Bn → Aut(M). Moreover, this representation does not
preserve the forbidden relations (8).
Often it is more convenient to work with matrices instead of working with actions on of the
automorphisms on the basis elements. The following statement is the reformulation of Theorem 2
in terms of matrices. The matrices are written in the basis e1, f1, e2, f2, . . . , en, fn instead of
e1, e2, . . . , en, f1, f2, . . . , fn.
Corollary 2. The map Θ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → GL2n(Z[p
±1]) given by the fol-
lowing formulas
Θ(σi) = I2(i−1) ⊕

0 0 1 p
0 1 0 0
1 0 0 −p
0 0 0 1
⊕ I2(n−i−1),
Θ(ρi) = I2(i−1) ⊕

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 ⊕ I2(n−i−1)
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induces the linear representation Θ : FV Bn → GL2n(Z[p
±1]). Moreover, this representation does
not preserve the forbidden relations (8).
From the definition of Θ (Θ = θρ) it is clear that the kernel of θ is a subset in the kernel
of Θ, in particular, the normal closure of the subgroup 〈(ρiσi+1)
6 | i = 1, 2, . . . , n − 2〉 in FV Bn
belongs to the kernel of Θ. Let us try to find a linear representation of the group FV Bn such that
the elements (ρiσi+1)
6 donot belong to the kernel of this representation for i = 1, 2, . . . , n− 2. In
the following theorem we construct a linear representation
∆ : FV Bn → GL3n(Z)
such that the elements (ρiσi+1)
6 donot belong to the kernel ker(∆).
Theorem 3. Let A be the free Z-module with the basis e1, e2, . . . , en, f1, f2, . . . , fn, g1, g2, . . . , gn.
Then the map ∆ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(A) = GL3n(Z) given by the following
formulas
∆(σi) :

ei 7→ ei+1 + gi,
ei+1 7→ ei − gi+1,
gi 7→ gi+1,
gi+1 7→ gi,
∆(ρi) :

ei 7→ ei+1,
ei+1 7→ ei,
fi 7→ fi+1,
fi+1 7→ fi,
gi 7→ gi+1,
gi+1 7→ gi
induces the linear representation ∆ : FV Bn → GL3n(Z). Moreover, this representation does not
preserve the forbidden relations (8), and the elements (ρiσi+1)
6 (i = 1, 2, . . . , n − 2) donot belong
to the kernel ker(∆).
Proof. In order to check that the map
∆ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(A) = GL3n(Z)
induces the representation ∆ : FV Bn → GL3n(Z) it is enough to verify that the map ∆ preserves
all defining relations (1)-(7), (10) of the flat virtual braid group FV Bn. This can be done by direct
calculations analougously to the proof of Theorem 1, so, we will not do it here. The fact that ∆
does not preserve the forbidden relations follows from the inequality
∆(ρi)∆(σi+1)∆(σi)(fi) = fi+1 6= fi = ∆(σi+1)∆(σi)∆(ρi+1)(fi).
Finally, the fact that the elements (ρiσi+1)
6 for i = 1, 2, . . . , n−2 donot belong to the kernel ker(θ)
follows from the equality (∆(ρiσi+1))
6(ei) = ei − 2gi+1 + 2gi+2.
The following statement is the reformulation of Theorem 3 in terms of matrices. The matrices
are written in the basis e1, g1, f1, e2, f2, g2, . . . , en, fn, zgn instead of e1, e2, . . . , en, f1, f2, . . . , fn,
g1, g2, . . . , gn.
Corollary 3. The map ∆ : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → GL3n(Z) given by the following
formulas
∆(σi) = I3(i−1) ⊕

0 0 1 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 −1
0 0 0 0 1 0
0 0 1 0 0 0
⊕ I3(n−i−1),
∆(ρi) = I3(i−1) ⊕

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
 ⊕ I3(n−i−1)
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induces the linear representation ∆ : FV Bn → GL3n(Z). Moreover, this representation does not
preserve the forbidden relations (8), and the elements (ρiσi+1)
6 (i = 1, 2, . . . , n − 2) donot belong
to the kernel ker(∆).
Problem 2. Find the kernel ker(∆).
From Theorem 3 it follows that there are elements which belong to the kernel of the rep-
resentation Θ : FV Bn → GL2n(Z[p
pm1]) and donot belong to the kernel of the representation
∆ : FV Bn → GL3n(Z). In general the relations between the kernels ker(Θ) and ker(∆) are not
clear. In order to construct the linear representation which has all advantages of both represen-
tations Θ, ∆ one can construct the representation (Θ ⊕∆) : FV Bn → GL5n(Z[p
±1]) which maps
the braid α ∈ FV Bn to the matrix Θ(α)⊕∆(α) from GL5n(Z[p
±1]).
4.2 Representation of GV B
n
Let us describe when the representation θ : FV Bn → Aut(F2n) introduced in Section 3.1 induces
the representation of the group GV Bn of Gauss virtual braids. In order to do it let us understand
under which conditions the map θ preserves the relations σiρi = ρiσi for i = 1, 2, . . . , n−1. Denote
by θ(σi) = si, θ(ρi) = ri and let us calculate the automorphisms risi, siri. From the direct
calculations it follows that these automorphisms have the following forms
risi :

xi 7→ xiy
−1
i+1,
xi+1 7→ xi+1yi+1,
yi 7→ yi+1,
yi+1 7→ yi,
siri :

xi 7→ xiyi,
xi+1 7→ xi+1y
−1
i ,
yi 7→ yi+1,
yi+1 7→ yi.
From these formulas it follows that the representation θ : FV Bn → Aut(F2n) induces the repre-
sentation of the Gauss virtual braid group if and only if yi = y
−1
i+1 for i = 1, 2, . . . , n − 1. If we
denote by y1 = z, then for i = 2, 3, . . . , n − 1 the equality yi = y
−1
i+1 is equivalent to the equality
yi = z
(−1)i+1 . In these denotations the representation θ : FV Bn → Aut(F2n) induces the represen-
tation θG : GV Bn → Aut(Fn+1), where Fn+1 = 〈x1, x2, . . . , xn, z〉, which acts on the generators
σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1 by the following rules
θG(σi) :
{
xi 7→ xi+1z
(−1)i ,
xi+1 7→ xiz
(−1)i+1 ,
θG(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
z 7→ z−1.
(18)
Unfortunately, the representation θG : GV Bn → Aut(Fn+1) preserves the forbidden relations (8).
Indeed, denote by θG(σi) = si, θG(ρi) = ri and let us calculate the automorphisms risi+1si,
si+1siri+1. From direct calculations it follows that
risi+1si :

xi
ri7−→ xi+1
si+1
7−−−→ xi+2z
(−1)i+1 si7−→ xi+2z
(−1)i+1,
xi+1
ri7−→ xi
si+1
7−−−→ xi
si7−→ xi+1z
(−1)i ,
xi+2
ri7−→ xi+2
si+1
7−−−→ xi+1z
(−1)i+2 si7−→ xiz
(−1)i+1+(−1)i+2 = xi,
z
ri7−→ z−1
si+1
7−−−→ z−1
si7−→ z−1,
si+1siri+1 :

xi
si+1
7−−−→ xi
si7−→ xi+1z
(−1)i ri+17−−−→ xi+2z
(−1)i+1 ,
xi+1
si+1
7−−−→ xi+2z
(−1)i+1 si7−→ xi+2z
(−1)i+1 ri+17−−−→ xi+1z
(−1)i+2 = xi+1z
(−1)i ,
xi+2
si+1
7−−−→ xi+1z
(−1)i+2 si7−→ xiz
(−1)i+1+(−1)i+2 = xi
ri+1
7−−−→ xi,
z
si+1
7−−−→ z
si7−→ z
ri+1
7−−−→ z−1.
These equalities mean that the representation θG : GV Bn → Aut(Fn+1) preserves the forbidden
relations (8). Let us modify the representation θG : GV Bn → Aut(Fn+1) to the representation
which does not preserve the forbidden relations and still is very similar to the representation
θ : FV Bn → Aut(F2n).
Let us consider the free group F2n+1 with the free generators x1, x2, . . . , xn, y1, y2, . . . , yn, z.
The following theorem is a kind of analogues to Theorem 1 for Gauss virtual braid groups.
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Theorem 4. Let the map θ∗G : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(F2n+1) is given by the
following formulas
θ∗G(σi) :
{
xi 7→ xi+1z
(−1)i ,
xi+1 7→ xiz
(−1)i+1 ,
θ∗G(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi,
z 7→ z−1.
(19)
Then θ∗G induces the representation θ
∗
G : GV Bn → Aut(F2n+1). Moreover, this representation does
not preserve the forbidden relations (8).
Proof. The proof completely repeats the proof of Theorem 1.
The problem of defining the kernel ker(θ∗G) of the representation θ
∗
G : GV Bn → Aut(F2n+1)
given in Theorem 4 is easier then the problem of defining the kernel ker(θ) of the representation
θ : FV Bn → Aut(F2n) given in Theorem 1, and it is solved in the following theorem.
Theorem 5. Im(θ∗G) = Sn × Sn, ker(θ
∗
G) = GV Pn ∩GHn.
Proof. First, let us prove that Im(θ∗G) = Sn × Sn. For i = 1, 2, . . . , n − 1 denote by
ηi = λi,i+1 = σiρi. It is clear that the group GV Bn is generated by the elements
σ1, σ2, . . . , σn−1, η1, η2, . . . , ηn−1. From this fact it follows that Im(θ
∗
G) is generated by the ele-
ments θ∗G(σ1), θ
∗
G(σ2), . . . , θ
∗
G(σn−1), θ
∗
G(η1), θ
∗
G(η2), . . . , θ
∗
G(ηn−1). From the direct calculations it
is easy to see that for i = 1, 2, . . . , n− 1 the following formulas hold
θ∗G(σi) :
{
xi 7→ xi+1z
(−1)i ,
xi+1 7→ xiz
(−1)i+1,
θ∗G(ηi) :

xi 7→ xiz
(−1)i+1,
xi+1 7→ xi+1z
(−1)i ,
yi 7→ yi+1,
yi+1 7→ yi,
z 7→ z−1.
(20)
From formulas (20) it is clear that the elements θ∗G(σ1), θ
∗
G(σ2), . . . , θ
∗
G(σn−1) generate the
full permutation group Sn in Im(θ
∗
G). Also from formulas (20) it is clear that the elements
θ∗G(η1), θ
∗
G(η2), . . . , θ
∗
G(ηn−1) generate the full permutation group Sn in Im(θ
∗
G). Since the el-
ements θ∗G(σi) (i = 1, 2, . . . , n − 1) act non-identically on x1, x2, . . . , xn, and identically on
y1, y2, . . . , yn, and the elements θ
∗
G(ρi) (i = 1, 2, . . . , n − 1) act identically (modulo the normal
closure of the element z) on x1, x2, . . . , xn, and non-identically on y1, y2, . . . , yn, the group Sn gen-
erated by the elements θ∗G(σ1), θ
∗
G(σ2), . . . , θ
∗
G(σn−1), and the group Sn generated by the elements
θ∗G(η1), θ
∗
G(η2), . . . , θ
∗
G(ηn−1) have the trivial intersection. Finally using formulas (20) and direct
calculations it is easy to see that θ∗G(σi)θ
∗
G(ρj) = θ
∗
G(ρj)θ
∗
G(σi) for arbitrary i, j = 1, 2, . . . , n− 1.
Hence, Im(θ∗G) is generated by two groups Sn which commute with each other and which intersect
trivially, therefore, Im(θ∗G) = Sn × Sn.
Let us prove that ker(θ∗G) = GV Pn ∩ GHn. The inclusion ker(θ
∗
G) ≤ GV Pn ∩ GHn can be
proved in the same way to Proposition 9. Let us prove that the inclusion GV Pn ∩GHn ≤ ker(θ
∗
G)
holds.
Let A be an element from the intersection GV Pn∩GHn. From the definition of the generators
xi,j (1 ≤ i < j ≤ n − 1) of GHn and the direct calculations it follows that the automorphisms
θ∗G(xi,j) (1 ≤ i < j ≤ n − 1) fix the elements y1, y2, . . . , yn, z. From this fact it follows that
every element from θ∗G(GHn) fixes the elements y1, y2, . . . , yn, z, in particular, since A ∈ GHn, the
automorphism θ∗G(A) fixes the elements y1, y2, . . . , yn, z.
From the direct calculations it follows that the image of the generator λi,j (1 ≤ i < j ≤ n)
of GV Pn under the map θ
∗
G has the following form
θ∗G(λi,j) :

xi 7→ xjz
(−1)j+1 ,
xj 7→ xiz
(−1)j ,
yi 7→ yj ,
yj 7→ yi,
z 7→ z−1.
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This automorphism can be expressed in the form θ∗G(λi,j) = αi,jβi,j , where the automorphisms
αi,j , βi,j have the following forms
αi,j :

xi 7→ xjz
(−1)j+1 ,
xj 7→ xiz
(−1)j ,
z 7→ z−1.
βi,j :
{
yi 7→ yj ,
yj 7→ yi.
Since these automorphisms act non-trivially on non-intersecting sets, it is obvious that for arbi-
trary 1 ≤ i < j ≤ n, 1 ≤ r < s ≤ n the automorphisms αi,j , βr,s commute. It is clear that the
automorphisms βi,j (1 ≤ i < j ≤ n) generate the full permutation group Sn, where the automor-
phism βi,j is the transposition (i, j). Checking the defining relations of the permutation group Sn
given in Proposition 6 it is easy to see that the map ϕ, which maps the automorphism βi,j to the
automorphism αi,j for 1 ≤ i < j ≤ n gives a homomorphism from the group Sn to the subgroup
of Aut(F2n+1) generated by the automorphisms αi,j for 1 ≤ i < j ≤ n. Since A belongs to GV Pn,
the elements A can be written as a word over the elements λi,j
A = w(λi,j , 1 ≤ i < j ≤ n).
Since for arbitrary 1 ≤ i < j ≤ n, 1 ≤ r < s ≤ n the automorphisms αi,j , βr,s commute, the
element θ∗G(A) can be written in the form
θ∗G(A) = w(θ
∗
G(λi,j), 1 ≤ i < j ≤ n) = w(αi,j , 1 ≤ i < j ≤ n)w(βi,j , 1 ≤ i < j ≤ n).
Since A belongs to GHn, the automorphism θ
∗
G(A) fixes the elements y1, y2, . . . , yn, z. Therefore
w(βi,j , 1 ≤ i < j ≤ n) is the identity automorphism (since only it acts non-trivially only on
y1, y2, . . . , yn). On the other hand we have
w(αi,j , 1 ≤ i < j ≤ n) = w(ϕ(βi,j), 1 ≤ i < j ≤ n) = ϕ(w(βi,j , 1 ≤ i < j ≤ n)),
therefore w(αi,j , 1 ≤ i < j ≤ n) is also the identity automorphism. Therefore the automorphism
θ∗G(A) = w(αi,j , 1 ≤ i < j ≤ n)w(βi,j , 1 ≤ i < j ≤ n)
is identity, i. e. A belong to the kernel of θ∗G.
4.3 Other representations of FV B
n
In this section we introduce several representations of the flat virtual braid group FV Bn which we
found together with the representation θ : FV Bn → Aut(F2n) introduced in Theorem 1. Let F2n
be the free group with the free generators x1, x2, . . . , xn, y1, y2, . . . , yn. For m ∈ Z denote by θ1,m
the following map from the set of generators of FV Bn to Aut(F2n)
θ1,m(σi) :
{
xi 7→ xi+1y
m
i+1,
xi+1 7→ xiy
−m
i+1 ,
θ1,m(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
(21)
Let F2n+1 be the free group with the free generators x1, x2, . . . , xn, y1, y2, . . . , yn, z. Denote by θ2
the following map from the set of generators of FV Bn to Aut(F2n+1)
θ2(σi) :
{
xi 7→ xi+1y
z
i+1,
xi+1 7→ xi(y
−1
i+1)
z ,
θ2(ρi) :

xi 7→ xi+1,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
(22)
Let Fn ∗ (Fn ×Z) = 〈x1, x2, . . . , xn, y1, y2, . . . , yn, z | [yi, z] = 1, i = 1, 2, . . . , n〉 be the free product
of the free group Fn generated by the elements x1, x2, . . . , xn and the group Fn × Z generated by
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the elements y1, y2, . . . , yn, z. Denote by θ3, θ4 the following maps from the set of generators of
FV Bn to Aut(Fn ∗ (Fn × Z)).
θ3(σi) :
{
xi 7→ xi+1yi+1,
xi+1 7→ xiy
−1
i+1,
θ3(ρi) :

xi 7→ xi+1z,
xi+1 7→ xiz
−1,
yi 7→ yi+1,
yi+1 7→ yi,
(23)
θ4(σi) :
{
xi 7→ xi+1yi+1,
xi+1 7→ xiy
−1
i+1,
θ4(ρi) :

xi 7→ x
z
i+1,
xi+1 7→ x
z−1
i ,
yi 7→ yi+1,
yi+1 7→ yi.
(24)
Let G, H1, H2 be groups, and ϕ1 : G → H1, ϕ2 : G → H2 be homomorphisms. The homomor-
phisms ϕ1, ϕ2 are said to be equivalent if ker(ϕ1) = ker(ϕ2). The main results of this section is
the following theorem.
Theorem 6. The following statements hold.
1. The maps θ1,m(m ∈ Z), θ2, θ3, θ4 given by formulas (21)-(24) induce representations of the
flat virtual braid group FV Bn.
2. The representations θ1,m(m 6= 0), θ2, θ3, θ4 are equivalent to the representation θ introduced
in Theorem 1.
Proof. In order to check that the maps θ1,m(m ∈ Z), θ2, θ3, θ4 induce representations it is enough
to verify that these maps preserve all defining relations (1)-(7), (10) of the flat virtual braid group
FV Bn. This can be done by direct calculations analougously to the proof of Theorem 1, so, we
will not do it here.
Let us prove that the representations θ1,m(m 6= 0), θ2, θ3, θ4 are equivalent to the representa-
tion θ introduced in Theorem 1, i. e. that the equalities
ker(θ) = ker(θ1,m) = ker(θ2) = ker(θ3) = ker(θ4)
hold.
First, let us prove that for m 6= 0 the equality ker(θ) = ker(θ1,m) holds. In order to do
it, in the free group F2n generated by the elements x1, x2, . . . , xn, y1, y2, . . . , yn denote by G the
subgroup generated by the elements x1, x2, . . . , xn, y
m
1 , y
m
2 , . . . , y
m
n . From the definition of the
representation θ1,m : FV Bn → Aut(F2n) given by formulas (21) it is clear that G is invariant
under the action of θ1,m(FV Bn). Denote by ϕ : F2n → G the map which maps xi to xi, and
maps yi to y
m
i for i = 1, 2, . . . , n. Since m 6= 0, the group G is the free group with the free
generators x1, x2, . . . , xn, y
m
1 , y
m
2 , . . . , y
m
n , and the map ϕ induces the isomorphism from F2n to G.
From the definitions of the representations θ1,m, θ : FV Bn → Aut(F2n), it is clear that for every
braid α ∈ FV Bn the equality ϕθ1,m(α)ϕ
−1 = θ(α) holds. From this equality clearly follows that
ker(θ) = ker(θ1,m).
Now let us prove the equality ker(θ) = ker(θ2). The representation θ : FV Bn → Aut(F2n)
given by formulas (14) can be extended to the representation θ∗ : FV Bn → Aut(F2n+1) using
the same formulas (14) fixing the generator z. It is clear that ker(θ) = ker(θ∗), so, let us prove
that ker(θ∗) = ker(θ2). In order to do it, denote by ϕ the automorphism of F2n+1 which maps
yi to y
z
i for i = 1, 2, . . . , n, and fixes the generators x1, x2, . . . , xn, z. From the definitions of the
representations θ∗, θ2 : FV Bn → Aut(F2n+1), it is clear that for every braid α ∈ FV Bn the
equality ϕ−1θ∗(α)ϕ = θ2(α) holds. From this equality clearly follows that ker(θ∗) = ker(θ2).
Therefore ker(θ) = ker(θ∗) = ker(θ2).
The equalities ker(θ) = ker(θ3), ker(θ) = ker(θ4) have very similar proofs, so, here we will
prove only the equality ker(θ) = ker(θ3). The inclusion ker(θ3) ≤ ker(θ) is clear, since if α ∈ ker(θ3),
then θ3(α) is identity for every fixed z, in particular, for z = 1. It means that α ∈ ker(θ).
Let us prove the inclusion ker(θ) ≤ ker(θ3). Let β be the braid from ker(θ). First, note
that from the definitions of the representations θ, θ3 it follows that for every braid α ∈ FV Bn the
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equalities θ(α)(yi) = θ3(α)(yi) holds for i = 1, 2, . . . , n. From this fact and the fact that β belongs
to ker(θ) follows that θ3(β)(yi) = yi for i = 1, 2, . . . , n. The element θ3(ρi) has the following form
θ3(ρi) :

xi 7→ xi+1z,
yi 7→ yi+1,
xi+1 7→ xiz
−1,
yi+1 7→ yi.
From this formula it is clear that the indices of xj and yj (for j = 1, 2, . . . , n) increase and decrease
simultaneously. From this fact and the fact that θ3(β)(yi) = yi for i = 1, 2, . . . , n follows that the
total exponent of z in the word θ3(xi) (i = 1, 2, . . . , n) is equal to zero. Since all the elements
y1, y2, . . . , yn commute with z, and the total exponent of z in the word θ3(xi) (i = 1, 2, . . . , n) is
equal to zero, we have the equalities θ3(xi) = θ(xi) = xi for i = 1, 2, . . . , n. Therefore β belongs
to the kernel ker(θ).
Recently in the paper [10] the notion of the virtually symmetric representation of braid-like
groups were defined. Theorem 6 and the definition of the representation θ given in Section 3 say
that all representations given by formulas (21)-(24) are virtually symmetric.
5 Normal generators of the groups V Pn ∩ Hn, FV Pn ∩ FHn,
GV Pn ∩GHn
From Proposition 9 and Theorem 5 we see that for studying kernels of representations of braid-like
groups it is important to understand how the groups V Pn ∩Hn, FV Pn ∩FHn, GV Pn ∩GHn look
like. The group theoretic motivation for the studying of the groups V Pn ∩ Hn, FV Pn ∩ FHn,
GV Pn ∩GHn lies in the same field with the motivation of the papers [2, 3, 4, 29]. In this section
we find the sets of normal generators of the groups V Pn ∩Hn, FV Pn ∩ FHn, GV Pn ∩GHn. The
main result of this section is the following theorem.
Theorem 7. Let G be the subgroup of V Bn generated by the elements
λs,tλ
−1
t,s , 1 ≤ s < t ≤ n,
λ2t,s, 1 ≤ s < t ≤ n,
λt,sλr,qλ
−1
t,sλ
−1
r,q , (t− r)(t − q)(s− r)(s− q) > 0, (25)
λt,sλs,rλ
−1
t,sλ
−1
t,r , n ≥ t > s > r ≥ 1,
λt,sλs,rλ
−1
t,rλ
−1
s,r , n ≥ t > s > r ≥ 1.
Then the normal closure of G in V Pn coincides with V Pn ∩Hn.
Proof. Denote by H the normal closure of G in V Pn, and let us prove that H = V Pn ∩Hn. First,
let us prove that H ≤ V Pn ∩Hn. Since V Pn ∩Hn is a normal subgroup of V Pn, in order to prove
that H is a subset of V Pn∩Hn it is enough to prove that G is a subset of V Pn∩Hn. The inclusion
G ≤ V Pn follows from the fact that the generators of G are written in terms of generators λi,j of
V Pn. In order to prove that G ≤ Hn let us consider the homomorphism ι2 : V Bn → Sn which maps
the generator σi to the unit element of Sn, and maps the generator ρi to the transposition (i, i+1)
for i = 1, 2, . . . , n− 1. From the definition of the elements λi,j it is clear that the homomorphism
ι2 maps the element λi,j to the transposition (i, j). From this fact and formulas (25) which define
the generators of the group G it is clear that all generators of G belong to the kernel of ι2. Hence,
the group G is a subset of ker(ι2) = Hn, and therefore H ≤ V Pn ∩Hn.
Let us prove that V Pn ∩Hn ≤ H . In order to do it, consider the quotient
(V Pn ∩Hn)/H = (V Pn/H) ∩ (Hn/H).
By the definition of the quotient group, the group V Pn/H can be obtained from the group V Pn
adding new relations (25). Therefore, from Proposition 1(1) it follows that the group V Pn/H
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admits a presentation with the generators λk,l (1 ≤ k 6= l ≤ n), relations
λi,jλk,l = λk,lλi,j , (26)
λk,iλk,jλi,j = λi,jλk,jλk,i, (27)
where distinct letters denote distinct indices, and additional relations
λs,t = λt,s, 1 ≤ s < t ≤ n, (28)
λ2t,s = 1, 1 ≤ s < t ≤ n, (29)
λt,sλr,q = λr,qλt,s, (t− r)(t − q)(s− r)(s− q) > 0, (30)
λt,sλs,r = λt,rλt,s, n ≥ t > s > r ≥ 1, (31)
λt,sλs,r = λs,rλt,r, n ≥ t > s > r ≥ 1. (32)
From Proposition 6 it follows that the group with the generators λk,l (1 ≤ k 6= l ≤ n) and defining
relations (28)-(32) is the permutation group Sn, where λk,l denotes the transposition (k, l). If for
1 ≤ k 6= l ≤ n we write the transposition (k, l) instead of λk,l in relations (26), (27), then we get
correct equalities. This fact means that relations (26), (27) follow from relations (28)-(32), hence,
the quotient V Pn/H admits a presentation with the generators λk,l (1 ≤ k 6= l ≤ n) and relations
λs,t = λt,s, 1 ≤ s < t ≤ n,
λ2t,s = 1, 1 ≤ s < t ≤ n,
λt,sλr,q = λr,qλt,s, (t− r)(t − q)(s− r)(s− q) > 0,
λt,sλs,r = λt,rλt,s, n ≥ t > s > r ≥ 1,
λt,sλs,r = λs,rλt,r, n ≥ t > s > r ≥ 1.
From Proposition 6 it follows that the group V Pn/H is isomorphic to the full permutation group
Sn, where the isomorphism maps the element λk,l (1 ≤ k 6= l ≤ n) to the transposition (k, l).
Let x be an element from V Pn ∩Hn. Denote by x the image of x in (V Pn ∩Hn)/H . Since
(V Pn ∩Hn)/H = (V Pn/H) ∩ (Hn/H), we have x ∈ V Pn/H . Since V Pn/H is isomorphic to the
full permutation group Sn, where the isomorphism maps the element λk,l (1 ≤ k 6= l ≤ n) to the
transposition (k, l), and x ∈ V Pn/H , the element x can be written in the form x = yz, where y
is the element from the preimage of Sn in V Pn and z ∈ H . Since x ∈ Hn the image of x under
the the homomorphism ι2 : V Bn → Sn which maps the generator σi to the unit element of Sn,
and maps the generator ρi to the transposition (i, i + 1) for i = 1, 2, . . . , n− 1 has to be identity.
Therefore we have the equality
1 = ι2(x) = ι2(yz) = ι2(y)ι2(z).
Since z ∈ H ≤ Hn, we have ι2(z) = 1, therefore ι2(y) = 1. Since ι2 maps the element λk,l to the
transposition (k, l) and y belongs to the preimage of Sn in V Pn, the equality ι2(y) = 1 implies
that y = 1. Hence, x = z, therefore V Pn ∩Hn ≤ H and H = V Pn ∩Hn.
The group FV Bn is the quotient of V Bn by the relations σ
2
i = 1 for i = 1, 2, . . . , n− 1. In
this group the equality λt,s = λ
−1
s,t holds for all t, s. The group GV Bn is the quotient of the group
FV Bn by the relations σiρi = ρiσi for i = 1, 2, . . . , n− 1. in this group the equality λ
2
t,s = 1 holds
for all t, s. These facts together with Theorem 7 imply the following corollary.
Corollary 4. The following statements hold.
1. Let G be the subgroup of FV Bn generated by the elements
λs,tλ
−1
t,s , 1 ≤ s < t ≤ n,
λt,sλr,qλ
−1
t,sλ
−1
r,q , (t− r)(t − q)(s− r)(s − q) > 0,
λt,sλs,rλ
−1
t,sλ
−1
t,r , n ≥ t > s > r ≥ 1,
λt,sλs,rλ
−1
t,rλ
−1
s,r , n ≥ t > s > r ≥ 1.
Then the normal closure of G in FV Pn coincides with FV Pn ∩ FHn.
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2. Let G be the subgroup of GV Bn generated by the elements
λt,sλr,qλ
−1
t,sλ
−1
r,q , (t− r)(t − q)(s− r)(s − q) > 0,
λt,sλs,rλ
−1
t,sλ
−1
t,r , n ≥ t > s > r ≥ 1,
λt,sλs,rλ
−1
t,rλ
−1
s,r , n ≥ t > s > r ≥ 1.
Then the normal closure of G in GV Pn coincides with GV Pn ∩GHn.
Problem 3. Find the set of generators and the set of defining relations for groups V Pn ∩ Hn,
FV Pn ∩ FHn, GV Pn ∩GHn.
6 Group invariant for flat welded links
In the papers [7, 8] the notion of a multi-switch was introduced. Using this notion one can construct
representations for virtual braids [7] and invariants for virtual links [8]. In this section we recall
the notion of a multi-switch, and using this notion and the representation θ : FV Bn → Aut(F2n)
constructed in Section 3 we introduce a group invariant for flat welded links.
Let X be a non empty set, and X1, X2, . . . , Xm be non-empty subsets of X . One can identify
the sets (X × X1 × X2 × · · · × Xm)
2 and X2 × X21 × X
2
2 × · · · × X
2
m denoting the ordered pair
(A,B) of the elements A = (a0, a1, . . . , am), B = (b0, b1, . . . , bm) from X ×X1 ×X2 × · · · ×Xm by
(A,B) = (a0, b0; a1, b1; a2, b2; . . . ; am, bm).
A map S : X2 × X21 × · · · × X
2
m → X
2 × X21 × · · · × X
2
m is called an (m + 1)-switch (or a
multi-switch), if S satisfies the equality (S × id)(id× S)(S × id) = (id× S)(S × id)(id× S), where
id denotes the identity on X ×X1 ×X2 × · · · ×Xm, and S has the form
S(c0, c1, . . . , cm) = (S0(c0, c1, . . . , cm), S1(c1), . . . , Sm(cm))
for c0 ∈ X
2, ci ∈ X
2
i for i = 1, 2, . . . ,m, and the maps S0, S1, . . . , Sm
S0 : X
2 ×X21 × · · · ×X
2
m → X
2,
Si : X
2
i → X
2
i , for i = 1, 2, . . . ,m.
The fact that S is an (m + 1)-switch on X defined by the maps S0, S1, . . . , Sm is denoted by
S = (S0, S1, . . . , Sm).
Let S, V : X2 ×X21 ×X
2
2 × · · · ×X
2
m → X
2 ×X21 ×X
2
2 × · · · ×X
2
m be two (m+ 1)-switches
on X . The ordered pair (S, V ) is called a virtual (m + 1)-switch on X , if V 2 is the identity on
X2 ×X21 ×X
2
2 × · · · ×X
2
m, and the equality (id× V )(S × id)(id× V ) = (V × id)(id× S)(V × id)
holds. Let us show how virtual multi-switches can be used for constructing representations of
virtual braids.
Let X be an algebraic system generated by the elements {xij | i = 0, 1, . . . ,m, j = 1, 2, . . . , n},
such that {xi1, x
i
2, . . . , x
i
n}∩{x
j
1, x
j
2, . . . , x
j
n} = ∅ for i 6= j. For i = 0, 1, 2, . . . ,m let Xi be a subset
of X which contains the elements xi1, x
i
2, . . . , x
i
n. Let S = (S0, S1, . . . , Sm), V = (V0, V1, . . . , Vm)
be a virtual (m+ 1)-switch on X such that
S0 = (S
l
0, S
r
0), V0 = (V
l
0 , V
r
0 ) : X
2 ×X21 ×X
2
2 × · · · ×X
2
m → X
2,
Si = (S
l
i , S
r
i ), Vi = (V
l
i , V
r
i ) : X
2
i → X
2
i , for i = 1, 2, . . . ,m,
and for i = 0, 1, . . . ,m the images of maps Sli, S
r
i , V
l
i , V
r
i are words over its arguments in terms
of operations of X . For j = 1, 2, . . . , n − 1 denote by Rj , Gj the following maps from the set of
generators {xij | i = 0, 1, . . . ,m, j = 1, 2, . . . , n} of X to X
Rj :

x0j 7→ S
l
0(x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x0j+1 7→ S
r
0(x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x1j 7→ S
l
1(x
1
j , x
1
j+1),
x1j+1 7→ S
r
1(x
1
j , x
1
j+1),
...
xmj 7→ S
l
m(x
m
j , x
m
j+1),
xmj+1 7→ S
r
m(x
m
j , x
m
j+1),
(33)
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Gj :

x0j 7→ V
l
0 (x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x0j+1 7→ V
r
0 (x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x1j 7→ V
l
1 (x
1
j , x
1
j+1),
x1j+1 7→ V
r
1 (x
1
j , x
1
j+1),
...
xmj 7→ V
l
m(x
m
j , x
m
j+1),
xmj+1 7→ V
r
m(x
m
j , x
m
j+1),
(34)
where all generators which are not explicitly written in Rj , Gj are fixed. If for j = 1, 2, . . . , n−1 the
maps Rj , Gj induce automorphisms of X , then we say that (S, V ) is an automorphic virtual multi-
switch (shortly, AVMS) with respect to the set of generators {xij | i = 0, 1, . . . ,m, j = 1, 2, . . . , n}.
The following result is proved in [7, Theorem 2].
Proposition 10. Let (S, V ) be an AVMS on X with respect to the set of generators {xij | i =
0, 1, . . . ,m, j = 1, 2, . . . , n}. Then the map
ϕS,V : V Bn → Aut(X)
which is defined on the generators of V Bn as
ϕS,V (σj) = Rj , ϕS,V (ρj) = Gj , for j = 1, 2, . . . , n− 1,
where Rj, Gj are defined by equalities (33), (34), is a representation of V Bn.
Let X be the free group F2n with the free generators x
0
1, x
0
2, . . . , x
0
n, x
1
1, x
1
2, . . . , x
1
n. Denote
by X0 the subgroup of X generated by the elements x
0
1, x
0
2, . . . , x
0
n, and by X1 = {x
1
1, x
1
2, . . . , x
1
n}.
Let S, V : X2 ×X21 → X
2 ×X21 be the maps given by the following formulas
S(a, b;x, y) = (by, ay−1;x, y), V (a, b;x, y) = (b, a; y, x) (35)
for a, b ∈ X , x, y ∈ X1. It is easy to check that (S, V ) is a virtual 2-switch on X . If we apply
Proposition 10 to this multi-switch, then we get the representation ϕS,V = θ : FV Bn → Aut(F2n)
introduced in Section 3 (where xi is changed by x
0
i , and yi is changed by x
1
i ).
Let us show how this representation can be used for constructing an invariant for flat welded
links. In order to do it, let us recall the definition of a biquandle. A biquandle BQ is an algebraic
system with two binary algebraic operations (a, b) 7→ ab, (a, b) 7→ ab which satisfy the following
axioms.
1. For all a ∈ BQ the maps fa, fa : BQ→ BQ given by the equalities f
a(x) = xa, fa(x) = xa
for x ∈ BQ are bijections on BQ.
2. For all a ∈ BQ the equalities aa
−1
= a
aa
−1 , aa−1 = a
a
a−1 hold.
3. For all a, b, c ∈ Q the equalities abc = acbb
c
, abc = acbbc , (ab)
cba = (ac)bca hold.
Let S : (X ×X1 × · · · ×Xm)
2 → (X ×X1 × · · · ×Xm)
2 be a multi-switch on X , such that
S(A,B) = (Sl(A,B), Sr(A,B)) for A,B ∈ X ×X1 × · · · ×Xm. Denote by
AB = S
l(B,A), AB = Sr(A,B).
If the algebraic system X ×X1 × · · · ×Xm with the operations (A,B) 7→ A
B , (A,B) 7→ AB is a
biquandle, then the multi-switch S is called a biquandle multi-switch.
Let X be an algebraic system generated by the elements {xij | i = 0, 1, . . . ,m, j = 1, 2, . . . , n},
such that {xi1, x
i
2, . . . , x
i
n}∩{x
j
1, x
j
2, . . . , x
j
n} = ∅ for i 6= j. For i = 0, 1, 2, . . . ,m let Xi be a subset
of X which contains elements xi1, x
i
2, . . . , x
i
n. Let S = (S0, S1, . . . , Sm), V = (V0, V1, . . . , Vm)
be an automorphic virtual (m + 1)-switch on X with respect to the set of generators {xij | i =
0, 1, . . . ,m, j = 1, 2, . . . , n}. From Proposition 10 it follows that one can construct a representation
ϕS,V : V Bn → Aut(X). For a braid β ∈ V Bn denote by XS,V (β) the quotient of the algebraic
system X by the relations ϕS,V (x
j
i ) = x
j
i for i = 0, 1, . . . ,m, j = 1, 2, . . . , n. The following
statement follows from [8, Theorems 1, 3].
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Proposition 11. If S, V are biquandle multi-switches on X, then the algebraic system XS,V (β)
depends not on the braid β, but on the closure β̂ of the braid β.
From the Alexander theorem for virtual links [19, Proposition 3] it follows that every virtual
link diagram D is equivalent to the closure of some virtual braid β from V Bn. From Proposition 11
it follows thatXS,V (β) can be written asXS,V (D) sinceXS,V (β) depend not on β, but on its closure
D. Therefore, if S, V are biquandle multi-switches on X , then the map
D 7→ β 7→ XS,V (β) = XS,V (D)
from the set of virtual link diagrams to the set of algebraic systems from the same category as X ,
is an invariant for virtual links.
Since the representation θ : FV Bn → Aut(F2n) can be obtained using Proposition 10 and the
virtual 2-switch given by formulas (35), one can try to apply Proposition 11 in order to construct
an invariant for flat virtual links. Unfortunately, Proposition 11 cannot be directly applied since
the 2-switch S given by formulas (35) is not a biquandle 2-switch (the first axiom of a biquandle
does not hold). However, if we let x11 = x
1
2 = · · · = x
1
n, then (S, V ) becomes a biquandle 2-switch.
From this fact and Proposition 11 we have the following statement.
Theorem 8. For a braid β ∈ FV Bn denote by G(β) the quotient of the free group F2n with
the free generators x1, x2, . . . , xn, y1, y2, . . . , yn by the relations θ(β)(xi) = xi, θ(β)(yi) = yi for
i = 1, 2, . . . , n, and the relations y1 = y2 = · · · = yn. Then G(β) depends not on the braid β, but
on the closure β̂ of the braid β.
The group G(β) from Theorem 8 is the algebraic system XS,V (β) from Proposition 11 where
the virtual 2-switch (S, V ) is given by formulas (35). Since θ : FV Bn → Aut(F2n) is the repre-
sentation of the flat virtual braid group, the group G(β) is an invariant for flat virtual links. If in
formulas (14) which define the representation θ : FV Bn → Aut(F2n) we put y1 = y2 = · · · = yn,
then the resulting representation preserves the forbidden relations. Therefore, the group G(β)
gives an invariant for flat welded links.
As an example, let us calculate the group G(β) in the case when β = (ρ1σ1)
m for somem ≥ 0.
If m = 1, then the closure of the braid β is the flat virtual Hopf link. The braid β belongs to
FV B2, therefore, by the definition, the group G(β) is the quotient of the group F4 = 〈x1, x2, y1, y2〉
by the relations θ(β)(xi) = xi, θ(β)(yi) = yi for i = 1, 2, and the relation y1 = y2.
G(β) = 〈x1, x2, y1, y2 | θ(β)(x1) = x1, θ(β)(x2) = x2, θ(β)(y1) = y1, θ(β)(y1) = y1, y1 = y2〉
Using the relation y1 = y2, denoting by y = y1 = y2 let us rewrite the group G(β) in the following
form
G(β) = 〈x1, x2, y | θ(β)(x1) = x1, θ(β)(x2) = x2, θ(β)(y) = y〉.
From the direct calculations it follows that the automorphism θ(β) = θ((σ1ρ1)
m) provided by the
equality y1 = y2 = y has the following form
θ(σ1ρ1)
m :

x1 7→ x1y
m,
x2 7→ x2y
−m,
y 7→ y.
Therefore, the group G(β) can be rewritten in the following form
G(β) = 〈x1, x2, y | x1y
m = x1, x2y
−m = x2〉 = 〈x1, x2, y | y
m = 1〉 = F2 ∗ Z
m.
From this equality it follows that the group invariant introduced in Theorem 8 destinguishes the
closures of the braids (ρ1σ1)
m for different m ≥ 0. In particular, it distinguishes the flat virtual
Hopf link from the flat virtual trivial link with two components.
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